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FermionicBrownianpathsaredefinedaspathsin aspaceparametrisedby anticommuting
variables.Stochasticcalculusfor thesepaths, in conjunctionwith classical Brownianpaths,
is described;Brownian pathson supermanifoldsare developedand applied to establish
a Feynman—Kacformula for the twisted Laplace—Beltramioperatoron differential forms
taking valuesin a vectorbundle.This formula is usedto give a proof of the Atiyah—Singer
indextheoremwhich is rigorouswhilebeing closelymodelledon the supersymmetricproofs
in the physics literature.
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1. Introduction

Theselecturesconcernageneralisationof Brownianpathsto includefermionic
paths,which arepathsin spacesparametrisedby anticommutingvariables.The
aim of thiswork is to providea rigorousversionof someheuristicconstructions
usedwith greateffect in quantumphysics,andin applicationto geometry.

While fermionicpathsdo not directly modelanyphysicalquantity,they pro-
vide atechniquefor investigatingdifferentialoperatorson spacesoffunctionsof
anticommutingvariables;sinceonecanobtainan analogueof the Schrödinger
representationfor fermion operatorsin quantumphysicsusingjust this kind
of operator,suchpathsareusefulin pathintegralquantisationof theorieswith
fermions, as was first observedin a highly original paperof Martin [14]. Ad-
ditionally, functionson carefully constructedsupermanifoldsareequivalentto
differential formsor spinorfields, which can then be analysedby the geomet-
ric fermionic path integration techniquesdescribedin theselectures.It is of
coursepossibleto handlefermionicquantizationwithout usinganticommuting
variables;however,in the author’sopinion, they area valuableaid to intuition,
particularly in supersymmetricmodels,andtheselecturesarepresentedin the
hopeof showingthat suchvariablesalso haveanalyticpower.
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Section2 of theselecturesintroducesfermionic Brownianpaths,andthe cor-
respondingWienermeasure.A briefreview of conventionalstochasticcalculus

and its usein deriving Feynman—Kac(or path integral)formulae for diffusion
operatorsis thengiven in section3. In section4 it is shownhow thesemethods
may beextendedto includefermionic paths.Section5 reviewsthestandardcon-
structionof Brownian pathson manifolds,andextendsthe constructionto paths
on carefully chosensupermanifolds,leadingto a Feynman—Kacformula for the
Laplace—Beltramioperatoron twisted differential forms. In the final section
thesetechniquesareappliedto give a rigorous version of the supersymmetric
proofsof the Atiyah—Singerindextheorem.A moreformalaccountof this work,
with analyticdetails,may befound in ref. [16].

The following conventionswill be used:evenvariables,which anticommute
with all variables,will bedenotedby lowercaselatin letters,while odd variables,
whichanticommutewith oneanotherbut commutewith evenvariables,will be

denotedby lower casegreekletters.B~,P1will denotethe spacewhoseelements
are (in + n)-tuples(x’ ,...,x”~,01,..., 0’~)with x1, Vm evenand01
odd.The spaceof functionsof n odd variables01 O’~of the form

= ~ ~ (1)
peM~

whereeach~u= ~ . ~ is a multi-index, with 1 < m ~ ~ ~ < n, and
M~denotesthe set of all such multi-indices (including theempty one),will be
denotedG°~(n).The coefficients f,~will take valuesin some specifiedspace.
Integrationof functionsof anticommutingvariableswill follow the Berezinpre-
scription [3] f&Of(0) = (2)

wheref,...,~is the coefficientof 0’~~. 0~lin the expansion(I) of the functionf.
Theintegralkernel ofan operatorHon thefunction spaceG°°(n)is a function
H(0’,. . ~ çY~)of 2n anticommutingvariablessuchthat

Hf(0) = fdn~H(o~~)f(~). (3)

A useful featureof the Berezin integralis that it allows the traceof an operator
to be calculatedfrom its kernel;it can be shownby explicit calculationthat

trH = fd~0H(O~_O). (4)

Throughout theselectures the languageof probability theory will be usedfor
fermionic analogues;however,such analoguesdo not have all the properties
of their classicalcounterparts.For instance,the GrassmannWiener measure
definedin the next sectionis not a true measure,but it seemsuseful to usethe
sameterminology,indicating the departurefrom conventionby theprefix G, so
that, for example,the GrassmannWienermeasureis said to be a c-measure.
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2. FermiónicBrownianpaths

The fermionic analogueof Brownian pathsandWienermeasurewill now be
defined. Letting 1 denotethe closedinterval [0, t] of the real line; the Grass-
mann Wiener measureis a c-measureon (~~2n)1,the spaceof paths in 2n-
dimensionalanticommutingspace.A typical elementof this space is denoted

(0’ (1),... ,O~(1), p’ (1),..., pfl (t)~t E I) or (0(t), p(t)~tE I). The c-measure
is thendefinedby specifyingits finite distributions.That is, supposethat G is a
function on (B°’2”)1 which actuallyonly dependson 0(t

1),p(t1) at a finite set
of times i~,I = 1,. .., N with 0 < t, < ... <

1N < 1, so that

G(0(t),p(t)) = G(O(t,),p(tl),...,0(tN),p(tN)). (5)

Then

~[G] ~ fd~FG

~fdnNodnNpFN(o1,p1,...,oN,pN)G(o1,p1,...,oN,pN), (6)

where

FN(0l,pI,...,ON,pN)

= exp[—(p’ .01 + p2. (02_UI) + + ~N (ØN — oN_I))] (7)

with

pr or ~pzr0~r (8)

for r = 1, .. ., N. The distribution FN correspondsto the heuristic fermionic
path integralmeasureexpf~~7(s)~’(s)ds. The distributionsFN all haveweight

one,sothat they areprobability distributions.They also obeythe consistency
condition

f &OrdnprFN(OI,p1,...,ON,pN) = FN~,(0! PI
9r~r

(9)
wherethecaretindicatesomissionofanargument.Functionssuchas Gaboveare
calledc-randomvariables.Particularexamplesare0.~= 0

1(s) and Ps = p’ (s)
for some 1,0 < I < n and some s,0 < s < t. The collection {0~,p~i=
1,.. . , n, S E I} is called fermionic Brownian motion. More complicatedg-
randomvariables,suchas f~’V (0~,p~)ds, can be definedby a limiting process.
Onehasthe Feynman—Kacformula

exP(_Th)f(O)=E[exP(_fV~vO~(iPsYds)f(O+0t)]~ (10)
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whereH = ~pVEM~ V~~0~(0/30)”[181. (Note that thefree fermionic Hamil-
tonian is zero.)

This measurecanbe combinedas a direct productwith conventionalWiener
measureon R”~to give ameasureon thespace(Bm~

2n)I of pathsin thesuperspace

3. Stochasticcalculus

Heuristicderivationsof path integral formulaemeetgreaterdifficulties when

considering(evenin a purely bosonicsetting) Hamiltoniansof the form

H = —~g’~(x)0,0j + h’(x)0
1 + V(x). (11)

It is possibleto handlethe direct, time-slicingapproachto such Hamiltonians
in an analytically rigorousway, but this approachis not alwaysuseful, because

it requires a knowledgeof the very operatorone is hoping to study, or of a
closely relatedoperator.Much more effectiveare the techniquesof stochastic
calculus.Theseare unfamiliar to many physicists,andso a summaryof those
aspectsofthe standardtheorywhich areimportantin applicationsto diffusions
(or imaginary-timeSchrödingerequations)will now be given, before showing
how thesemethodsmay be extendedto fermionic Brownian motion.

Brownian paths (b5~sE I) arealmostnowheresmooth,but neverthelesssuf-
ficiently regular for f1~~db~to be definedin the following manner:let J =

f({b~Iu<s}) with

E(f~f~2ds)<~. (12)

(This is a ratherloose definition of an adaptedstochasticprocesson Wiener

space.)Then

f Jdb~= tim ~ ~ ~h1,), (13)
o r~O

wheretr = rt/2N. Ito integralswith respectto multi-dimensionalBrownianmo-
tion may be definedin a similar manner.(A fuller accountof this may befound
in a numberof places;for physiciststhe work of Simon [20] is an accessible
account.)

A crucial formula is the Ito formula for the changeof variable.Supposethat
al aç are stochasticintegrals on the Wiener spaceof Brownian paths in
R”~over the time interval I; that is, thereexist adaptedstochasticprocesses

fa~s,gs~= l,...p,a = l,...in,s E I and randomvariablesa~,i= 1 p
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suchthat
S/rn

= a~+ f fa’udb~+ ~~ds). (14)

0 a=l

Then, if F is a sufficiently regularfunction of p variables,F(a1’, . .. ,a~)is also
a stochasticintegraland

F(a~ aç)—F(a~,...,a~)
rn

= ~
i=Ia=!

p rn

+~ ~ >0jOjF(a~,...,af~)f0’j0’~ds. (15)
i,j=l a=I

This formula is proved much as the correspondingformula in conventional

calculusis proved; the key estimateis that

= ~ó~s (16)

which accountsfor the presenceof the second-orderterm in (15).
This formula will now be applied to obtain a path integral expressionfor

exp(—Ht) whenH is a secondorderelliptic operatoron II~’~of the form (11).
First supposethat functionse~(x), 1 = 1,... ,tn,a = 1,... ,p satisfy

e~(x)e~(x) = gU(x). (17)

(Hereandin theremainderofthe paperthe summationconventionthat repeated
indices are to be summedover their rangewill be used.)Then considerthe
stochasticdifferentialequation

x~= x’ + / [e~(xu)db~a h
t(x~)du], (18)

wherex’ e ~rn (Suchequationsareknownto haveuniquesolutionsx
5, provided

that the functionsg” andh’ aresufficiently regular.) Givenf E COC, set

Fs(f~x)=exP(_/V(xu)du)f(xs). (19)

Then,applying the ItO formula (15), oneobtains

F5(f,x)_F0(f,x) = f[exP(_fV(x~)dv)(_V(xu)f(xu)du

+ 81f(x~) [e~(x~ )db~ h
1(x~) du +

1Dje~(x~)e~(x~)du])]. (20)
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If the operatorU~on COC (Ir’) is now definedby setting

U5f(x) =E(F~(f,x)), (21)

then(usingthefactthat theexpectationofthe Ito integralof anadaptedfunction
is alwayszero),onefinds that

U5f(x) —f(x) = fUuHf(x)du~ (22)

where11 is the operator

H = —~g”(x)O,O~+ h’(x)0, + V(x), (23)

andhence

= exp(—Hs), (24)

so that the Feynman—Kacformula

exp(_Hs)f(x) = exP(_fV(xu)du)f(xs) (25)

hasbeenestablished.

4. Fermionic paths and stochasticcalculus

Fermionicpathscanbe incorporatedinto stochasticcalculus,but it is neither
necessarynor possibleto define integralsalong fermionic paths.In the caseof

standard,bosonicBrownianpaths,stochasticintegralsallow path integralquan-
tisatibn techniquesto handleHamiltonianswhich are arbitrary second-order
elliptic operatorsof the form (11); in the caseof fermionicpaths,becausethey
aredefinedin phasespace,all derivativeoperatorscan be handledby the sim-
ple Feynman—IKacformula (10), without the necessityof introducingstochastic
integrals.Moreover, it can be seenin a numberof waysthat fermionic paths
are too irregular to allow any simple analogueof the Ito integral; inspectionof
the Fourier mode analysisof fermionic Brownian paths in ref. [181 indicates
that their derivativeswould be divergent,while the lack of explicit time depen-
dencein the fermionic Wienerdistributions (7) meansthat incrementsof all
ordersremainof order 1, andthus no analogueof the ItO formula (15) exists
for fermionsunlessoneincludesderivativesof all orders.

However, fermionic paths can be included in the integrandof bosonic ItO
integrals,with the correspondingItO formula beingthat, if

Z~= Z’ + k(05) + /h’(Zu~0u~Pu)du + ~ (26)
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then,for sufficiently regularfunctionsF,

F(Z5) —F(Z0) =~ ]{[h’~ZU,OU,PU~ ~

~ (27)

wherethe symbol = ~indicatesthattwo c-randomvariableshaveequalexpecta-
tions. This leadsto a Feynman—Kacformula for Hamiltonianswhich resemble
(11) but include fermion operators.Full detailsmay be found in ref. [191.

5. Brownianpathson supermanifolds

In this sectionthe approachto Brownianpathson manifoldswhich maybe
foundin theworkof Elworthy [6], Malliavin [13] andIkedaandWatanabe[101
will bebriefly reviewedandthenextendedto Brownianpathson supermanifolds.

The theory of geometricBrownianpathson Riemannianmanifolds hastwo
components.First, supposethat Va,a = 1, . . . , p are vector fields on an m-
dimensionalmanifold M. Then, in local coordinatesx’, I = 1,...,m on some
coordinatepatchof M, Va = Vj(x)(a/ax’). If one considersthe stochastic
differentialequations

X~=X’+f[Va’(Xu)db~+~VaJ(Xu)OiVa’(Xu)dU] (28)

(with b” beingp-dimensionalBrownian motion), onefinds thatunderchange
of coordinatex’ —* ~‘ (x) this stochasticdifferentialequationtransformsco-
variantly—thenon-tensorialpart of the equationexactly compensatesfor the

second-ordertermin theItO formulafor thechangeof variable.The Stratonovich
integralallows oneto systematisethis; given two stochasticintegralsX and Y
with

x5 = f [f0,~db~+ fo,~du],

Ys = / [g~,Udb~a + go~du], (29)

the Stratonovichdifferential is definedby setting

Y5odX5~IY5(f0,5db~+fo,5ds) + ~fa,sga,sds. (30)

The integrandin (28) can thenbe expressedas Vj(x~)o db~.Stratonovich
integralshavemuch bettertransformationpropertiesthan ItO integrals,andare
thususefulin a geometriccontext.



498 A. Rogers/ Anticommutingvariables,fermionicpath integralsandsupersymmetry

The covarianceof eq. (28) allows oneto solve the equationglobally on the
manifold (althoughquite sophisticatedpatchingtechniquesbetweendifferent
coordinatepatchesare required). We have seenabove that a solution to a
stochasticdifferential equationprovidesus with a Feynman—Kacformula for
a Hamiltonian which may be deducedfrom the stochasticdifferential equa-

tion. In the caseof the stochasticdifferential equation(28) the corresponding
Feynman—Kacformula is

exp(—Hs)f(x) = EEf(x5) (31)

with Hamiltonian

H =

= ~~VaVa. (32)

This Hamiltonianis globally defined,as onewouldexpectfrom the covariance
of the correspondingstochasticdifferentialequation.

The secondcomponentin the theoryof geometricBrownianpathson an m-
dimensionalRiemannianmanifoldM is theexistenceof acanonicalsetof vector

fields Va,a = 1,.. .,m on 0(M), the bundle of orthonormalframeson M. In
local coordinatesaboutthe point (x, ea) of 0(M),

Va = ei—e~e~I7t.a/De~. (33)

These vector fields lead, by the processdescribedabove,to a Feynman—Kac
formulafor the Hamiltonian

H_~~VaVa (34)

whichis thescalarLaplacianwhenappliedto functionson 0(M) whichdepend

on x but not on ea, that is, to functionson M.
By usingfermionic paths (in addition to bosonicones)on a carefully con-

structedsupermanifold,it is possibleto extendthis approachto obtaina Feyn-
man—Kacformula for the Laplace—BeltramioperatorL = ~(d + ~)2 on the
spaceof forms on a Riemannianmanifold,andto the twistedLaplace—Beltrami
operatoron formswhichtaketheir valuesin avectorbundleoverthe manifold.

Givenanrn-dimensionalRiemannianmanifoldM, togetherwith an n-dimen-
sional Hermitian vector bundle E over M, the requiredsupermanifoldS(E)
hasdimension (m, in + n) andis constructedin the following manner.Suppose
that {U~1}is an opencover of M by coordinateneighbourhoodswhich are also
trivialisation neighbourhoodsof the bundleE, with

h(5p:UOflUp—~U(n) (35)

the transition functions of the bundle. Then the required supermanifoldhas
local coordinates i = I, . . . , in, 0~(~)~i = 1, . . . , in, ~ p = 1, . . . , n with
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coordinatechangeson overlappingneighbourhoodsbeingas on the underlying
manifold for the evencoordinatesx’ and, for the odd coordinates,

ax’
a’ — ~fl~ai _j, p~ ~q

(/3) — j (s)’ ~1(fl) — o/3 q\X(o)J?1(
15).X(~)

(Full detailsof the patchingconstructionof this supermanifoldfrom its transi-
tion functionsmaybefound in ref. [17].)

Now functionson this supermanifoldof the form

f(x,0,~) = ~ f~(x)0~ (37)
p=l pEM~

correspondto twistedforms on M with 0~~ dxv, andthe actionof aU(n) ma-
trix (APq) representedby ~ The Laplace—Beltramioperator~.(d+
~ )2 can thus be expressed as adifferentialoperatoron this space.In factonecan
extend the proofof the Weitzenbockformulagiven by Cycon, Froese,Kirsch
andSimon [5] to obtainthe twistedWeitzenbockformula

+ ~)2 —~(B R~(x)0’c~01 .~Rkju1’(x)01Okôjô,

(38)

whereB is the twisted BochnerLaplacian

B = giJ(D1DJ_[;~kD~) (39)

with
= d, + J74(x)0~óok+ A~r?1’~ö~s, (40)

and ô~, = a/aO’,o~~ = O/ö~and yl’ = 01 + g’~(x)ö0~.
Nowlet S(0(M), E) denote the supermanifold obtained by including even

coordinates in S(E) sothat theunderlyingevenmanifoldis 0(M),and consider
the vector fields Wa,a= 1,..., rn on this supermanifold, where

Wa = e~01— ea’ e~I’kd/de~ e~0”17~öo— ea’~A~rô~s. (41)

Because of the particularnatureof the transition functionsof S(0(M),E) this
defines rn vectorfields globally on S(0(M),E). Now

WaWaB, (42)

and thus, if we find stochastic processes ~ = l,...,rn,p =

l,...,n, which satisfy

x~= x+fe~uodbu,

= e~+ /—e~~r~t(x~)e~~o db~,
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= 0’ + Oae~5+

—O~de~~+ ~

= ~+ / [_e~0 A~q(Xu)odb~

+ i,t,~)(~ + iir’u)Fjjq”(xu)du], (43)

where
= ~ (44)

then one obtains the Feynman—Kacformula

exp(—Ls)f(x,O,~~) = [f(x5,~5,~5)], (45)

where L is the twisted Laplace—Beltrami operator ~(d + ~)2 and f is a function
of the form (37).

6. Applications to geometry

As an illustration of the analyticpowerof this techniques,the Atiyah—Singer
index theorem for the twisted Hirzebruchsignaturetheoremwill nowbeproved.
(It was shown by Atiyah, Bott andPatodi [2] that the full theorem follows from

this special case by K-theoretic arguments.) The proof is a rigorousversionof the
supersymmetricproofsof the indextheoremintroducedby Alvarez-Gaumé[11
and by FriedanandWindey [81. Various otherauthorshaveusedprobabilistic
methods to prove the index theorem [4,7,11,12,21],but these works do not use
the fermionicpathsdescribedin this paper,which area rigorousversionof the
paths used in refs. [11 and [81.

The proof makes use of the McKeanandSingerformulafor the index I of the
twisted Hirzebruch signature complex [15],

I = Try
5 exp(—Lt), (46)

where L is the Laplace—Beltrami operator ~(d + ~5)2 as before, andTr denotes
a full trace over both operators and matrices. The result to be provedis that

/ \ / . \l/2
I f—F\ I 1Q/2m \

I = j trexpi I deti . I , (47)
~, 271 / ~tanh1Q/271

M “ / “

whereF is thecurvaturetwo-formofthe connectionA on the bundle E,Q is the
curvatureconnectionof the Riemannianconnectionon (M, g), andthe square
bracketsindicate projection onto the rn-form component.In fact a stronger,
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local result will be proved, that is, it will be shown that at eachpoint p of the
manifoldM

/ \ / .

I—F\ I 1Q/271
limtry exp(—Li)(p,p) = trexP~~~~._)det~hiQ/2) , (48)

where tr denotes a matrix trace.
To evaluatethe left handsideof (48), the Feynman—Kacformula (45) must

be used.Additionally, severalstepsin the analysisof Grassmannvariablesare
required,andDu Hamel’s formula mustbe usedto extractinformation about

the kernel of exp(—Lt) from information about the action of the operatoron
functions.Themostimportantdifferencebetweentheapproachusedin heuristic
physicists’calculationsof path integralsin curved spaceandthe approachused

here is that stochastic differential equations are used, which means that different
paths are usedbut the measureon path spaceis unchanged,whereasin the
heuristicapproachit is the measurewhich is changed,which is a much harder

taskto handleanalytically.
Beginningwith the anticommutingvariables,the first stepis to observethat

the actionof y
5 on twistedforms is

~

pE3.~1~p=!

= ~ (49)

The operatory5 is an involution, which resemblesthe Hodgestaroperator.
As we areworking at oneparticular point p ~ M we will usenormalcoordi-

natesx’ aboutthis point, so thatp has coordinates0, while

g”(x) = ~xkx~Rkht1 (0) + h.o.t.,

det(g~
1(x))= 1 + h.o.t.,

= ~xt(Rtj/((0) + R~~1’~(0))+h.o.t.,

A~r= _.~x1Fjjrs(0)+ h.o.t., (50)

whereh.o.t. denoteshigher-orderterms. It is shown by Cycon et al. [5] that
for the purposesof calculatinglim~_,otry

5 exp(—Lt)(p,p) onemay replacethe

manifoldM with U~rnandthe bundleE overAl with the trivial bundleRm ><

providedthat the metric andconnectionarechosento agreewith thoseon the

manifoldon aneighbourhoodofp (identifiedwith aneighbourhoodof 0 in LFI” by
the coordinatefunctions)andto bethe Euclideanmetricandthe zeroconnection
outsidesomecompactregion

0f111~~Thus from now on thesereplacementswill
be made.
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Using the expression(49) for the actionof y
5, togetherwith the expression

(4) for the traceof an operatorin termsof a Berezinintegral,one finds that

try5 exp(—Lt) (0,0)

= fdrnpdrnod~exp(_Lt)(o,o,p,_o,~,_~)exp(ip.o). (51)

Now the Feynman—Kacformula (45) tells usaboutthe actionof exp(—Lt) on
functions.Using Du Hamel’sformula [91one may extract information about
thekernelof thisoperator.Supposethat H

0 is the operator ~ on COC(~~)
ThenDu Hamel’s formulastatesthat

exp(—Lt)(x,x’,0,0’,i~,i~’) —exp(—H0t)(x,x’,0,0’,ij,i~’)

= ~ (52)

wherethe operatorsL andH0 actwith respectto the variablex, 0 and~j. Taking
the supertraceof both sides (that is, operatingwith y

5 andtakingthe trace) one
finds that

try5exp(—Lt)(0,0) =fdm0dn~p&i)/{exp[_L(t_s)](L_Ho)

x (exp[_Hos(x,o,p,o,?J,m)1)~ exp(_0 . p)} (53)

[using thefact that try5 exp(—H
0t) = 01.

Now

exp(—H0t)(x,0,0,0’,i~,~’) = fdmpdfic(2711)_m/2exp(x2/2t)

xexp[—ip.(0—0’)]exp[—iK(i~—i~i’)], (54)

so that (usingthe Feynman—Kacformula (45), andcarryingout someintegra-

tion)

tr;’
5exp(—Lt)(0,0) = E[fdmodnndnK

(55)

where

F
5(x,0,p,~,K)= (L_H0)exp(—x

2/2s)exp(—ip.0)exp(—iK.~). (56)

Now this canbe estimatedas t tendsto 0 in the following way. First let ~
ij~ satisfy the stochasticdifferential equations

=
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= o~+ o~ö~+ f[ ~x~~(R/kJ’ + RlIk’)db~

+ ~‘bR~du ~i~’~p~RJk’ldu],

~1S = ui~+ / ~ii ‘~(0~iir~)(6~ ill ~)Fijq~du. (57)

(HereRjk’ = RJk”(O), and indicesareraisedandloweredby g”(O) =

Now solutionsto this setof stochasticdifferentialequationsarecloseto those
of (43). In fact x5—x’5~-.~V~ ~ [16].
Thus

iirntry5[exp(_Lt)(0,0)_exp(_Lht)(0,0)] = 0, (58)

where L’ is the Hamiltonian correspondingto the simplified stochasticdiffer-

ential equations(57).
This simplerHamiltonian L’ canbehandledby flat spacepath integralmeth-

ods. Useof these,togetherwith further useof Du Hamel’sformula, showsthat

lirntry
5 exp(—L’t)(0,0)

= iirnfdrnpdrnodfiiexp(_L1t)(o,o,p,_o,~,_~i)exp(ip.o)

= iirnfdrnpdrno&i,exp(_L2t)(o,o,p,_o,i,,_~i)exp(ip.o), (59)

where
L2=H

5.+H0+H~, (60)

with

[Ix =

~.iA~j,I,n’ J.rn’
1~k~tYYY ‘~ R R •~+ 8x x (221/)2 n’ikp ~n’jt

-~i -~j
YY k I

0 = ~ ijk1~jW ~‘

(/)l (J)J
H—~~ ~ (61)‘/ — ijp p1’l,

with ~ = ~/70. (This rescalingallows oneto pick out thosetermswhich survive
in the limit as t tendsto zero. Note that dO = ~/7dq5.)Now exp[—H~t(0,0)]
canbe evaluatedusingthe result given by Simon [20] for ER

2 that, if

H = —~a~a
1+ ~iB(x’O2 —x

2a,) + ~-B2((x’)2 + (x2)2), (62)
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then
exp[—Ht(0,0)] = B (63)

4msinh(~Bt)

Thus, if Qk’ = ~I~’RiJk’ is regardedas an m x in matrix, skew-diagonalised
as

0 Q1 ... 0 0
—Q, 0 ... 0 0

(Qk
t)= : . : , (64)

0 0 ... 0 �2rn12

0 0 ... ~~rn
72 0

then
~n/2.

exp[—H~t(0,0)] H2Thtsinh(iQk/271y (65)

Also, usingfermionpaths[181 or direct calculation,

exp[—tH0(0,O’)] = fdmp(exp[_ip(o 0’)l

m/2

fl[cosh(iQk/271) + (02k_I + ip2k_I)(O2k + ip2k)sinh(iQk/221)]). (66)

Thus

try
5 exp[_Ht(0,0) I

= fdm~~2~ ~ (67)

Hence

try5 exp[_Lt(p,p)] = [tr exp(~) det(t ~ I H (68)

asrequired.
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